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(3)Abstract


In this thesis I have reviewed the basic theory of single scalar field cosmolog-
 ical inflation and cosmological perturbation theory. I go through the dynamics
 of the background Friedmann–Robertson–Walker -spacetime and then study the
 evolution of perturbations around the background. Cosmological perturbations in
 general are gauge dependent, so I introduce the well known gauge invariant vari-
 ables, the Mukhanov-Sasaki variable q and the comoving curvature perturbation
 R. I calculate the scalar and tensor perturbation power spectra and the spectral
 parameters finally going through two simple examples, the power law inflation and
 the Higgs inflation.


Tiivistelm¨a


T¨ass¨a pro gradu -tutkielmassa olen k¨aynyt l¨api yhden skalaarikent¨an synnytt¨a-
m¨an kosmisen inflaation teoriaa. T¨at¨a varten olen opiskellut kosmista h¨airi¨oteoriaa
joka tutkii Friedmann–Robertson–Walker -avaruusajan ymp¨arille kehitettyjen h¨ai-
ri¨oiden kehityst¨a inflaation aikana. Kosmiset h¨airi¨ot riippuvat mitan valinnasta, jo-
ten olen esitellyt hyvin tunnetut mittainvariantit muuttujat, Mukhanovin-Sasakin
muuttujan q sek¨a mukanaliikkuvan kaarevuush¨airi¨on R. Lasken skalaari- ja tenso-
rih¨airi¨oiden tehospektrit sek¨a relevantit spektriparametrit. Lopuksi k¨ayn l¨api kaksi
yksinkertaista esimerkki¨a, potenssilaki-inflaatio sek¨a Higgs-inflaatio.
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1 Introduction


The history of the Universe is considered as a thermal history: temperature rises when
 going backwards towards the birth of the Universe. These following are the several more
 or less hypothetical epochs in the history of the Universe, from which the four latter are
 rather well established:


• Planck epoch at temperature corresponding to Planck energy T ∼1019GeV in the
 very early Universe at time t ∼ 10−43s. Quantum gravity is needed to describe
 conditions at this time.


• Baryogenesis at somewhere between temperatures of 1016 < T < 102GeV at
 t∼10−35s. Asymmetry between matter and antimatter formed.


• Electroweak phase transition when the temperature was of the order of the mass of
 the weak gauge bosons, T ∼102GeV. Particles acquired their masses.


• Quark-hadron transition with temperature T ∼ 1 GeV corresponding to nucleon
 mass. Protons and neutrons formed. Universe was about 10−5 seconds old.


• Nucleosynthesis ∼ 3 minutes after Big Bang at nuclear levels. Atomic nuclei and
 light elements such as deuterium, helium and lithium formed at temperatures of
 T ∼0.1 MeV.


• Recombination at T ∼ 0.1 eV, t ∼ 105y at atomic levels. Photons were able to
 travel freely when atoms formed from nuclei and electrons. Cosmic microwave
 background was formed.


• Formation of first stars, galaxies and cosmic large scale structure much after recom-
 bination.


• Present day at T = 2.75 K = 10−3eV. Accelereting expansion of the universe
 suggesting the beginning of a dark energy dominated era.


The focus of this thesis is in the inflationary epoch somewhere at the time between the
 birth of the Universe and electroweak phase transition. Inflationary epoch was invented
 to solve some fundamental problems arising from the basic Big Bang -model, but it
 has proven to have some extremely vital features in addition, such as the capability of
 explaining the origin of the primordial seeds for the cosmic large scale structure and
 fluctuations in the cosmic microwave backround.


The inflationary scenario says that during some short epoch in the very early Universe
 the non-zero vacuum energy density of some unknown field dominated the energy density
 of all other forms of energy, such as matter or radiation. In the simplest case the inflation
 is caused by a cosmological constant. A more complete scenario is inflation driven by a
 slowly rolling scalar field in a potential well. During the inflatory phase the scale factor of
 the Universe grew exponentially so that initially small patches of space could have been
 stretched bigger than the current observable Universe.


A mathematical tool called cosmological perturbation theory is essential in order to
study the extremely rich phenomea of the inflationary scenario and it’s connection to



(6)Figure 1: Schematic picture of the evolution of perturbations during inflation. This
 thesis focuses on the details of this picture in the inflatory epoch: generation of
 curvature fluctuations from vacuum and the freeze-out of fluctuations outside the


horizon.



(7)present day observations. In this perturbative analysis one studies the evolution of small
 fluctuations around a homogeneous and isotropic background universe. The fluctuations
 are thought to origin from vacuum quantum fluctuations during inflation and then being
 stretched to cosmological scales due to exponential expansion. These amplified quantum
 fluctuations are then thought to transform into classical spacetime/density fluctuations
 in the early universe.


The detailed mathematics involved in the study of the evolution of the perturbations
 from the inflationary epoch until today is quite complicated. In particular the above
 mentioned gauge-dependence, or the dependence of the chosen coordinate system, com-
 plicates the things. The outline is to form a gauge invariant perturbation variable as
 a linear combination of the inflaton fluctuations and metric fluctuations. This is the
 so called Mukhanov-Sasaki variable q which can be quantized when it’s modes are deep
 inside the inflationary horizon. The variable q is then closely related to the comoving
 curvature perturbation R which has a property of staying constant once it’s stretched
 into cosmological scales. As the name implies, the variable R is again related to the
 fluctuations of the spatial curvature of the universe and eventually to the density fluctu-
 ations. In this thesis I study this process of birth of primordial fluctuations in detail and
 introduce the observable quantities called power spectrum and the spectral parameters.


All this following trouble is necessary to find an answer to the following question:


”How does inflation have anything to do with present day observations”. The answer is
 presented schematically in Figure 1 which shows the evolution of comoving scales as a
 function of time. The comoving scales themselves stay constant, but the Hubble radius
 evolves in time. The red dotted line is the comoving Hubble radius (also called the
 horizon). Solution to the drawbacks of the original Big Bang -model require that the
 comoving horizon shrinks exponentially fast during an epoch called inflation. All the
 other fixed scales, such as the typical comoving scale of a galaxy, then exit the shrinking
 inflationary horizon and re-enter it much after the inflationary epoch when the horizon
 increases again during radiation- and matter-dominated eras. It is equivalent to say
 that the physical scales are stretched and the physical Hubble radius stays constant
 during inflation. It happens so that all the macroscopic scales stretch well beyond the
 horizon so that all densities are enormously diluted practically to zero and inside the
 horizon only the vacuum remains. However the seething vacuum quantum fluctuations
 are also stretched and they become small classical stochastic density fluctuations on all
 scales. As the figure suggests, inside the inflationary horizon the vacuum fluctuations are
 mathematically described by the two-point correlator of the so-called Mukhanov-Sasaki
 variableq. Outside the horizon a useful quantity is the curvature perturbationR, closely
 related to q. This thesis focuses on the details of the figure and outline given above.


The first section is a short introduction to basics of cosmology and inflation. The
topic of section 3 is cosmological perturbation theory and gauge issues. In section 4 I
apply the cosmological perturbation theory to a single scalar field inflation and study the
observables obtained that way with two examples. The conventions and some definitions
that I’ve used in this thesis can be found from appendix A. As it happens, this thesis
contains no new research. All the theory has been invented slowly from the 70’s and
the purpose of this work is to get familiar with the issues not currently taught in our
University.
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2 Background dynamics


I will first briefly introduce the non-perturbed standard cosmological model. More details
 can be found for example in Weinberg [1] or Mukhanov [2]. The basic formulae obteined
 here are needed throughout the latter part of the work. Later on when discussing cosmo-
 logical perturbation theory I refer to this section as background model.


The most general spacetime metric obeying the cosmological principle (homogeneity
 and isotropy) is the Friedmann–Lemaˆıtre–Robertson–Walker (FRLW or FRW) metric [3].


In spherical coordinates it can be written as
 ds2 =−dt2+a2(t)


 dr2


1−kr2 +r2dΩ2
 


, (2.1)


where dΩ2 is the 2-sphere metric and k ∈ {−1,0,+ 1} corresponding to open, flat and
 closed geometries of the spatial hypersurface. Observations obtained from missions such
 as Planck [4] suggest that the Universe is nearly or exactly flat, so I take k = 0 from now
 on. In cartesian coordinates the FRW-metric is then


ds2 =−dt2+a2(t)(dx2+ dy2+ dz2). (2.2)
 For aesthetic reasons it is convenient to define the conformal flat FRW-metric


ds2 =a2(τ)[−dτ2+ dx2+ dy2+ dz2] or gµν =a2ηµν, (2.3)
 where the conformal time τ is defined as


dτ = dt


a(t) or τ =
 Z t


0


dt


a(t). (2.4)


The different time derivatives are denoted by


0 ≡ d


dτ and ˙ ≡ d


dt. (2.5)


The Hubble constant H (or conformal Hubble constant H respectively) is defined as
 H ≡ a˙


a = 1
 a


da


dt or H ≡ a0
 a = 1


a
 da


dτ. (2.6)


The relation between these isH=aH. It is straightforward to show the following handy
 equalities


a00


a =H2(1 + H0


H2) and H0


H2 = 1 +
 H˙


H2. (2.7)


The Christoffel symbols are also needed later when I calculate the perturbations of the
 curvature tensor. The definition is the familiar


Γγαβ = 1


2gγδ(gαδ,β+gβδ,α−gαβ,δ) (2.8)



(9)which for the metric (2.3) are all zero except


Γβ0α =Hδβα and Γ0αβ =Hδαβ. (2.9)
 The metric determinant is √


−g = a4(τ). The energy-matter-content of the Universe is
 described by a perfect fluid which has a stress-energy tensor of the form


Tµν = (p+ρ)uµuν +pgµν. (2.10)
 The Einstein field equations Gµν = 8πGTµν then give the Friedmann equations (on the
 left I write the equations in terms of cosmic time and on the right they are in terms of
 conformal time)


H2 = 8πG


3 ρ or H2 = 8πG


3 a2ρ (2.11)


and


¨
 a


a =−4πG


3 (ρ+ 3p) or H0 =−4πG


3 a2(ρ+ 3p). (2.12)
 The energy-continuity equation ∇µT0µ = 0 gives


˙
 ρ+ 3a˙


a(1 +w) = 0. or ρ0+ 2H(1 +w)ρ= 0. (2.13)
 Above I have defined the equation of state parameter w and also introduce the sound
 speed squared c2:


w≡ p


ρ, c2 = ∂p


∂ρ.


A number of useful identities can be derived from above equations:


H0 =−1


2(1 + 3w)H2 (2.14)


p0 =−3H(1 +w)c2ρ (2.15)
 w0


1 +w =−3H(c2−w). (2.16)
 A key concept in this thesis is thehorizon. In the theory of inflation the horizon usually
 refers to the comoving Hubble radius defined by


dH ≡ 1
 aH = 1


H. (2.17)


However, there’s another concept of horizon called the particle horizon and it’s defined
 to be the distanceRH light could have travelled from the beginning of the Universe until
 time t. Since light rays follow null paths ds2 = 0, I get dr = dt /a(t) and thus the
 comoving radius of a particle horizon is


RH =
 Z t


0


dt0
 a(t0) =


Z τ
 τ0


dτ0 =
 Z a


0


1


aH d lna . (2.18)



(10)The particle horizon is thus same thing as elapsed conformal time, or the logarithmic
 integral of the Hubble radius. I furthermore introduce theredshift z, defined as 1 +z = 1a,
 which measures the streching of the wavelenght of light due to to expansion of space. The
 comoving distance between redshifts z1 and z2 is


d(z1, z2) =
 Z z2


z1


dz


H(z). (2.19)


These are the basic concepts and definitions needed in the following sections. I’m not
 going to go any further in presenting the rich phenomena of the unperturbed standard
 cosmological model, but rather move on towards the motivation and theory of cosmic
 inflation in next section and slowly towards the cosmic perturbation theory.



2.1 Inflation


The main topic of this section is cosmic inflation: its motivation, embodiment and the
 extremely useful set of assumptions justifying the approximation scheme called slow roll. I
 begin by presenting the well known drawbacks of the original Big Bang theory. After that
 I go through the inflationary scenario as a solution to those problems. I follow discussions
 from several books such as Mukhanov [2] and Dodelson [5] and one particularly excellent
 set of lecture notes by Baumann [6].


2.1.1 The Horizon problem


The cosmic microwave background (CMB) has observable temperature inhomogeneties
 only of the order 10−5. However, the CMB sky consist of several patches that could have
 not been in causal contact in the standard Big Bang model. The problems is presented
 schematically in Figure 2. Let’s look to this in detail. The particle horizon size at the
 time of recombination was


drec ≡dH(zrec,∞) =
 Z ∞


zrec


dz


H(z). (2.20)


The distance from us to the recombination surface (lookback horizon) is
 dlookback ≡dH(0,zrec) =


Z zrec


0


dz


H(z). (2.21)


Using H(z) = H0p


Ωm(1 +z)3+ Ωγ(1 +z)4+ Ωλ and zrec ≈ 1000 one can numerically
 integrate and estimate the number of causally disconnected volumes of space at the time
 of recombination to be


dlookback
 drec


3


∼105 1. (2.22)


Now a question arises: how can the CMB be so homogenous if the distant parts have never
been in causal contact? What has caused the coherent smoothing of the temperature
inhomogeneities?



(11)Figure 2: Without inflation the recombination surface consist of ∼105 causally
 disconnected patches which have temperature differences only of orderδT /T ∼10−5.


There’s another way of phrasing the problem. In the Universe there are observed
 structures of galaxy filaments and walls that are up to 100 Mpc in size. According to
 measurements the energy density of the Universe today is very close to the critical density
 ρcrit ≈ 2.78·1011h2M/(Mpc)3, where h ≈ 0.68 and M is the mass of the Sun. The
 corresponding mass of the observable Universe is then


Mobs ∼ 4πρcrit


3 (100 Mpc)3 '6·1017M,
 but the mass of a causal horizon at early times was


MH = 0.11


√g∗


MeV
 T



 M,


where g∗ is the number of degrees of freedom in the plasma. Sensible values of g∗ at the
 early Universe are g∗ ∼5−100 and thus MH Mobs when the temperature was large.


2.1.2 The Flatness problem


Let’s consider the Friedmann’s first equation (2.11) with the curvature term added:


H2 = 1


3MP2ρ− k


a2. (2.23)


This can be written as


Ω−1 = k


(aH)2, (2.24)



(12)where Ω = ρρ


crit and ρcrit ≡ 3Mp2H2 is the critical density. We know that the total
 fractional energy density of the Universe today is [4]


Ω0 '1.02±0.02,


which corresponds to a flat or nearly flat spacetime. But when considering the early
 era, assuming that the Universe has gone through only matter and radiation dominated
 epochs, the Friedmann equation reveals that the curvature is a growing function in time:


Ω−1 = k
 (aH)2 ∼


 a2 ∼t, radiation dom.


a ∼t2/3, matter dom.


Then at Planck time tP L ∼10−43s the quantity was


|Ω−1|t≈tP L ' O(10−64)|Ω−1|0.


Thus at the beginning of the Universe the spatial curvature must’ve been fine-tuned to
 a value extremely close to 0 but not exactly 0. From equation (2.24) it is clear that
 the flatness problem has something to do with the time-evolution of the Hubble radius
 (aH)−1. The flatness problem is often also called theage problem: if the initial conditions
 for a FRW-expansion would have been somewhat ’natural’ at Planck time, i.e.


ΩP L '1±δΩP L,


where δΩP L ' O(1), then in case of positively curved space k > 0 the Universe would
 have recollapsed at time∼tP L/δΩP L or in turn cooled down to 3K at same time if k <0
 in the negative curvature case.


One way to solve these problems is to assume that the Universe was somewhere in
 its past dominated by a non-zero vacuum energy. This corresponds to a cosmological
 constant Λ. When Λ dominates, the scale factor has a de Sitter solution


a(t)∼eHt.


This removes the horizon problem since now every co-moving scale passes the horizon
 twice: first a given causally connected scale passes the horizon during the de Sitter phase,
 and afterwards when the de Sitter phase is over the scale returns inside the horizon during
 the FRLW-phase. The flatness problem is also solved: let us assume that at the onset of
 inflation


Ωinf −1∼ O(1).


Now during the inflation


|Ω−1| ' 1


(aH)2 = 1


(ainfH)2e−2Ht →0
 as t→ ∞. If the inflation last a time t=HN (N e-foldings), we get


|Ωout−1|=|Ωinf −1|e−2N.



(13)Figure 3: Inflation stretches initially small patches of space exponentially so that the
 horizon problem is resolved.


So iftout 'tP L, one needs e−2N < e−60, i.e. N ≥70 so that inflation would have enough
 time to arrange suitable initial conditions for a FRW-expansion. A pure de Sitter phase
 though is not necessarily required for the inflation to happen. What is needed, is simply
 an accelerated expansion:


¨


a >0 ⇔ ρ <−1


3p ⇔ d


dt
  1


aH
 


<0. (2.25)


The last requirement is intuitive from the flatness problem -point of view: for the spatial
 curvature term to have a non-growing behaviour one needs a shrinking Hubble radius.


I define inflation to be equivalent to any of the requirements in equation (2.25). The
pioneering authors inventing the theory of inflation were Starobinsky [7], Guth [8] and
Linde [9] in the late 70’. Alan Guth proposed that the exponential expansion could be
produced by a scalar field trapped in a false vacuum state due to supercooling of the
Universe. The false vacuum with high energy density could then act as a cosmological
constant. This metastable state could then decay by quantum tunneling which would end
the inflation. Guth himself realized that this model had problems with reheating of the
Universe after inflation. After inflation the Universe is extremely flat, but also extremely
empty. One important feature for a theory of inflation is the so-called reheating after the
inflation which would produce the needed amount of radiation in the early Universe. In
this thesis I’m not going to discuss reheating however. Andrei Linde solved the reheating
problem in Guth’s model by introducing a field slowly rolling in a potential well so that the
potential energy dominates over the kinetic energy of the field. The inflation ends when
the field rolls down to the bottom of the potential and starts to oscillate thus transferring
it’s energy to radiation through decay processes to Standard Model particles. These
kinds of models are called ”new inflation” opposed to Guths ”old inflation”. A popular
scenario belonging to this category is the ”chaotic inflation” occurring near the Planck



(14)scale, where inflation actually never ends. It may be manifest in almost every realistic
 inflationary model proposed nowadays. Amazingly so, the first ever proposed inflationary
 model by Starobinsky is still after 35 years inside the 1σ-limit of current observations [10].


Starobinsky himself didn’t consider the inflationary implications of his theory of quantum
 corrections to general relativity but realized that a modification of Einstein-Hilbert action
 to have a Ricci scalar squared term at near quantum gravity scales would lead to a de
 Sitter -phase of the Universe. This kind of ”R+R2” model is very similar to the Higgs
 inflation model that I’m going to discuss in the last section.



2.2 Inflation from a scalar field


I showed that inflation can be achieved at least with a cosmological constant so that
 the scale factor gets an exponential solution. A scalar field can quite easily mimic a
 constant vacuum energy if the potential is sufficiently flat. The requirementρ <−13pfor
 an accelerated expansion can thus be achieved by assuming that the early universe was
 filled with a scalar field rolling down a potential. Let’s examine how this is accomplished
 in more detail. Take a single scalar field Lagrangian in curved spacetime:


Lϕ = 1


2gµν∇µϕ∇νϕ−V(ϕ) = 1


2∂µϕ∂µϕ−V(ϕ) (2.26)
 and the action Sϕ =R


Lϕ√


−gdx4. The total action is then
 S= 1


16πGSH +Sϕ =
 Z √


−gdx4
  1


16πGR+Lϕ
 


. (2.27)


The Euler-Lagrange equations for the scalar field are


∂L


∂ϕ − ∇µ


 ∂L


∂(∇µϕ)
 


= 0 (2.28)


⇒ ∂V(ϕ)


∂ϕ +∇µ∇µϕ= 0, (2.29)


where ∇µ∇µϕ = √1−g∂µ(√


−g∂µϕ). Variation with respect to the metric gives the Ein-
 stein equations


Rµν− 1


2gµνR = 8πGTµν, (2.30)


where


Tµν ≡ −2 1


√−g
 δSϕ


δgµν. (2.31)


For a single scalar field we get


Tµν =∂µϕ∂νϕ+gµνLϕ. (2.32)
 When we take the background universe to be the FRW-universe, we have √


−g = a3(t)
 and the equation of motion is now


¨


ϕ+ 3Hϕ˙ + ∂V(ϕ)


∂ϕ = 0. (2.33)



(15)This looks similar to a harmonic oscillator with a friction term proportional to the Hubble
 constant. As a function of conformal time this reads


ϕ00+ 2Hϕ0+a2∂ϕV = 0. (2.34)
 The energy-momentum tensor has components


T00 =gα0T0α =− 1


2a2(ϕ0)2 −V =−1


2ϕ˙2−V ≡ −ρ (2.35)


T0i = 0 (2.36)


Tji =δij
  1


2a2(ϕ0)2−V(ϕ)
 


=δji
 1


2ϕ˙2−V
 


≡δjip, (2.37)
 from which it is easy to show the following useful relations


ρ+p= 1


a2(ϕ0)2 = ˙ϕ2 (2.38)


ρ−p= 2V. (2.39)


The equation of state -parameter w≡ pρ is now
 w= ϕ˙2−2V(ϕ)


˙


ϕ2+ 2V(ϕ) or w= (ϕ0)2−2a2V


(ϕ0)2+ 2a2V (2.40)
 so that −1 ≤ w≤ 1. A cosmological constant corresponds to w =−1, but as I’ve said,
 that is not necessary. With a scalar field the less restrictive requirementρ <−13pcan be
 achieved. For further use introduce the sound speedc2 which is now, using the equation
 of motion (2.34),


c2 = p0


ρ0 = 2Hϕ0 + 2a2V0


3Hϕ0 = −1
 3H





H+ 2ϕ00
 ϕ0





. (2.41)


The first Friedmann equation can be written as
 H2 = 8πG


3 ρ= 1
 3MP2


1


2ϕ˙2+V(ϕ)
 


, (2.42)


where Mp2 = 8πG1 = 2.436·1018GeV is the reduced Planck mass. From this Friedmann
 equation and the equation of motion one can easily derive a useful relation


H˙ =−4πGϕ˙2. (2.43)



2.3 Slow roll approximation


The condition for inflation is ρ+ 3p = 2 ˙ϕ2−2V(ϕ) <0, from which we get ˙ϕ2 < V(ϕ).


On the other hand, the previous condition should be valid sufficiently long time (∼ 60
 e-foldings) in order to make the universe flat enough. Then it is clear that


• The potential has to be sufficiently slowly changing in the region where the potential
dominates (¨a >0).



(16)• There has to be a minimum of the potential V(ϕmin) = 0 where the inflation ends.


• Furthermore, ˙ϕ cannot be too large at the beginning.


These conditions can be quantified as slow-roll conditions:


˙


ϕ2 V (2.44)


|ϕ|  |3H¨ ϕ|.˙ (2.45)


Using these, one can write the Friedmann equation and the equation of motion as
 H2 ≈ 1


3MP2V and 3Hϕ˙ ≈ −V0. (2.46)


These are called theslow-roll equations and from now on I use equality signs in the above
 equations when I have explicitly specified a case where I use the approximation. Taking
 a time derivative of the above equations one gets


H˙ =−(V0)2


6V and ϕ¨= MP2
 3


V00V0


V − (V0)3
 2V2





. (2.47)


It is convenient to define the slow-roll parameters
 ≡ MP2


2
 V0


V
 2


(2.48)
 η≡MP2V00


V (2.49)


δ≡η−, (2.50)


so that the slow-roll conditions can be written as


1, |η| 1. (2.51)


The parameter δ proves to be useful later on. As can be seen from the definitions, these
 parameters describe the slope () and the curvature (η) of the potential. Using these
 parameters the second Friedmann equation (2.12) can be written as


¨
 a


a =H2(1−). (2.52)


From above it is clear that there is inflation as long as <1 and a quasi-de Sitter universe
 when  1. A pure de Sitter would correspond to  = 0. The parameter η simply tells
 that when |η|<1, the inflation keeps running sufficiently long.


2.3.1 Useful relations for slow roll parameters


From the slow-roll equations and the definition of the slow-roll parameters one can derive
 many useful identities and results, such as


H˙


H2 =− and


ϕ˙
 H


2


= 2M2. (2.53)



(17)The derivative of the slow roll is second order small:


˙
 


H = 32 −2η. (2.54)


In terms of the conformal time there are identities such as
 H0


H2 = 1− and a00


a =H2(2−). (2.55)


One could also take (2.53) as the definition of the parameter  and then define the slow-
 roll parameters as follows. I denote by a subscript H these alternative parameters which
 are defined only in terms of the Hubble parameter. The definitions are


H ≡ −H˙


H2 and ηH ≡ H¨
 2HH˙ ,


and the equality of the two different parameter sets is true only when they are small. This
 set of parameters is particularly handy if one wants to calculate the Mukhanov-Sasaki
 equation in Section 4.2 to second order in slow roll parameters. Weinberg [1] uses these
 parameters already at first order.


2.3.2 Number of e-foldings


The duration of inflation is usually measured ine-foldings defined by
 abeg


aend ≡e−N. (2.56)


For the single scalar field inflation, using slow-roll equations, one finds
 N =N(φbeg,φend) =


Z tend


tbeg


Hdt = 1
 Mp2


Z φend


φbeg


V


V0dφ . (2.57)


The comoving scale corresponding to our current cosmological horizon left the inflatory
 horizon at a1


0H0 = (aH)1


H-out. Using the slow roll equations (2.46) it is straightforward to
 show that


aH-out


aend =e−N(φH-out,φend) =


 Vend


VH-out
 12


a0H0


(aH)end, (2.58)


and from this it follows that


N(φH-out, φend) = log


 a0Ho
 (aH)H-out



 +1


2log


 Vbeg
 VH-out





. (2.59)


Now using a what is called the instantenous reheating approximation one can show that
 a0H0


(aH)end '1.7·10−30 Mp


Vend1/4. (2.60)



(18)This assumes that the radiation dominated epoch started instantenously afteraend. Plug-
 ging this into (2.59) gives


N(φH-out, φend)'68.5 + 1
 4log


Vend
 Mp4



 +1


2log


VH-out
 Vend





. (2.61)


This can be easily generalized to get the number of e-foldings from the horizon crossing
 of an arbitrary scale k ≡aH =k(a0H0) to the end of inflation:


N(φk, φend)'68.5 + 1
 4log


Vend
 Mp4



 +1


2log
  Vk


Vend
 


−logk. (2.62)
 All the information about inflation comes to us from observations of density fluctuations
 in the scales greater than the galactic scalekgalaxy−1 ∼ 1310−3Mpc [11] and smaller than the
 scale corresponding to the size of the observable universe today. Fluctuations below that
 scale are completely washed out by non-linear gravitational effects. The galactic scales
 then correspond to roughly logkgalaxy ∼ 8. Then if the inflationary energy scale is say
 few orders of magnitude lower than the Planck scale Vend ∼ Vk ∼ 10−3Mp4, the number
 of e-foldings at the horizon-crossing can be roughly approximated as


N(φH−out)∼65, (2.63)


and at the galaxy-crossing


N(φgalaxy)∼55. (2.64)


The relevant interval of e-foldings is then approximately 55≤ N ≤65 before the end of
 inflation. These numbers are however model dependent. Typically when calculating the
 specral parameters, discussed in section 4, one uses 50≤N ≤60.


2.3.3 Example: Polynomial potential
 Take the inflaton potential to be


V(φ) =λpφp, (2.65)


where p∈R. For this potential the slow-roll parameters are
 = Mp2


2
 p


φ
 2


and η =Mp2p(p−1)


φ2 . (2.66)


Inflation ends when '1, so the field value at the end of inflation is
 φend = p


√2Mp. (2.67)


The number of e-foldings from the k-scale horizon exit to the end of inflation is then
 N(φk, φend) = 1


Mp2
 Z φk


φend


V


V0 = 1
 2pMp2





φ2k− p2
 2Mp2





. (2.68)



(19)Inverting this, one gets


φk =
 r


2pMp(N +p


4), (2.69)


so that one can express the slow-roll parameters in terms of e-foldings:


(N) = p
 4


h


N(φk, φend) + p
 4


i−1


(2.70)
 η(N) = p−1


2
 h


N(φk, φend) + p
 4


i−1


. (2.71)


Taking for example p = 4 and N = 60, which was the rough estimate for the flatness
problem to be solved, the parameters get numerical values of (N = 60) ≈ 0.016 and
η(N = 60) ≈ 0.025. Later when discussing the spectral parameters I’m going to re-
examine this example.



(20)
3 Cosmological perturbation theory


In this section I’ll go through the basics of cosmological perturbation theory and the issue
 of gauge invariance. I’ll introduce the conformal Newtonian gauge and derive the first
 order perturbed Einstein equations in this gauge.


In General relativistic perturbation theory any tensorial quantity is split into a back-
 ground quantity and perturbations around it. In particular, in cosmology, the background
 is the homogenous and isotropic FRW-metric, so that any tensor in the full spacetime
 (whatever it is) can be written as


T(τ,x)≡T(τ¯ ) +δT(τ,x), (3.1)
 where


δT(τ,x)≡Xn


n!δnT(τ,x). (3.2)


From here on, I consider only first order perturbations and absorb the to the definition
 of the perturbations for convenience. The barred variables refer to background quantities
 and quantities without bars are all small perturbations. The spacetime is splitted into
 temporal 1-dimensionalthreadingand spatial 3-dimensional hypersurfaces, calledslicings,
 of constant conformal time. This is the so-called (3 + 1)-split [13]. The perturbed vari-
 ables are furthermore decomposed into scalar, vector and tensor parts according to their
 transformation properties under spatial rotations around the wave-vector in the Fourier
 space. This is called the SVT-decompostion or Helmholtz decomposition [6]. The scalar,
 vector and tensor parts are said to have helicity of 0,±1,±2 respectively. I will discuss
 the helicity of the gravitational waves in Section 4.6 briefly. In what follows I will denote
 the scalar, vector and tensor parts of different variables with the same letter as the vari-
 able itself, only the number of indices change. Without a proof I conclude the following
 SVT-theorem: the vector perturbations βi decompose into a scalar and a vector part,
 namely


βi =βiS +βiV, (3.3)


where


βiS =∇iβ and ∇iβiV = 0 with β ∈R. (3.4)
 A symmetric, traceless 3-tensors γij decompose into a scalar, vector and tensor parts:


γij =γijS +γijV +γijT, (3.5)
 where


γijS =
 


∇i∇j −1
 3δij∇2





γ, γ ∈R (3.6)


γijV = 1


2(∇iγj +∇jγi), ∇iγi = 0, γi ∈R2 (3.7)


∇iγijT = 0. (3.8)



(21)The scalarsα obviously do not decompose into any but scalar part, α=αS. The useful-
 ness of this decomposition follows from the fact that in the first order perturbation theory
 the scalar, vector and tensor parts evolve independently. That is, the equations of motion
 following from the Einstein field equations do not mix perturbations of different helicity.


In addition, different Fourier modes (different wavenumber k) evolve independently. The
 first claim follows actually from the rotational invariance of the background, and the
 latter from it’s translational invariance [6]. I do not consider any vector perturbations in
 this thesis, because they have been shown to have only decaying solutions.



3.1 Gauge transformations


Gauge transformations in the metric perturbation theory are transformations between
 spesific coordinate systems on the physical perturbed spacetime. On a manifold one
 could always choose the coordinates in such a way that a coordinate dependent numeri-
 cal value, e.g. a components of a tensor, gets arbitrary values. The crucial feature of the
 gauge transformations is that they leave the perturbations small, i.e. they do not break
 the perturbative analysis. In another words, if the perturbations are small in some coordi-
 nates, then the gauge transformation is a change from those coordinates into some others,
 where the perturbations are different but still small. A schematic picture in 2D is shown
 in Figure 4. All gauges are equally good, so it would be nice to know the relation between


Figure 4: A point on the background manifold does not have unique correspondence to
 a point on the physical spacetime.


perturbations in different gauges. Start by considering two coordinate systems xα and
 ˆ


xα on a physical manifold M so that these two coordinate systems correspond to two
different gauges. Barred variables always refer to quantities on the background. The co-
ordinates are then by definition related by some gauge transformation vectorξ = (ξ0, ξi),



(22)i.e. some four functions ξα by


xα →x˜α =xα+ξα, (3.9)


whereξα is first order small, so that (ξα)2 ≈0. Also the derivatives ofξα with respect to
 both coordinates are assumed to be small. Sinceξα is taken to be first order small, I can
 associate with it a fixed value on the background:


ξα =ξα(¯x( ¯P)). (3.10)


A coordinate transformation relates the coordinates on the same point on the actual
 manifold, i.e.


ˆ


xα(P) =xα(P) +ξα
 ˆ


xα( ˆP) =xα( ˆP) +ξα. (3.11)
 Both coordinates are however related to same point on the background manifold:


xα(P) = ˆxα( ˆP) = ¯xα( ¯P). (3.12)
 Using the last two equations one can relate two distinct points in same coordinates on
 the physical manifold:


xα( ˆP) =xα(P)−ξα
 ˆ


xα( ˆP) = ˆxα(P)−ξα. (3.13)
 Now I define the perturbations in different gauges to be functions on the background
 manifold in a given background coordinate system ¯xα at a given background point ¯P:


δTˆ ≡T(ˆxα( ˆP))−T(¯¯ xα( ¯P))


δT ≡T(xα(P))−T(¯¯ xα( ¯P)). (3.14)
 The gauge choice thus manifests itself as a choice of the coordinates and the point on the
 physical manifold. The correspondence between perturbations in different gauges is then
 simply, using (3.14),


δTˆ =δT+T(ˆxα( ˆP))−T(xα(P)). (3.15)
 Now let’s first consider a scalar perturbation s = ¯s+δs. When moving from point P
 with coordinates xα to a point ˆP with coordinates ˆxα, the full scalar sacquires alteration
 only due to the change in place, not in coordinates. Expanding the new scalar around
 the old point gives


s(ˆxα( ˆP)) = s(ˆxα(P)) + (ˆxβ( ˆP)−xˆβ(P)) ∂


∂xβs(ˆxα(P))


=s(xα(P))−ξβ ∂


∂xβs(xα(P))


=s(xα(P))−ξ0s¯0, (3.16)



(23)where in the last line I used the fact thatξαis already first order small, and the background
 quantity has only τ-dependence due to homogeneity. Using (3.15) then gives


δsˆ =δs+s(ˆxα( ˆP))−s(xα(P))


=δs−ξ0¯s0. (3.17)


Here it is good to notice that a scalar perturbation isnot immediately gauge invariant. It
 is though possible to form linear combinations of different perturbation variables, which
 are gauge invariant. I will discuss such gauge invariant variables a little later since they
 prove to be very useful and physically meaningful quantities. Now to get the transfor-
 mation laws for higher order tensor perturbations I can use the general transformation
 law of the tensor components. First note that the Jacobian matrix for the infinitesimal
 transformation (3.9) and its inverse are now


∂xα


∂xˆµ =δαµ−ξ,µα


∂xˆα


∂xµ =δαµ+ξα,µ.


(3.18)


Now take for example the metric tensor. Expanding around the old point gives, similarly
 as in the case of a scalar,


gµν(xδ( ˆP)) =gµν(xδ(P))−ξα¯gµν,α(xδ(P)). (3.19)
 On the other hand, making the coordinate transformation (3.9) changes the components
 of a tensor as


gµν(ˆxδ( ˆP)) = ∂xα


∂xˆµ


∂xβ


∂xˆνgαβ(xδ( ˆP)) = (δµα−ξα,µ)(δνβ−ξ,νβ)


gαβ(xδ)−ξγg¯αβ,γ(xδ)


≈gµν(xδ(P))−ξ,µα¯gαν −ξ,ναg¯µα−ξγg¯µν,γ. (3.20)
 Plugging this to the transformation formula (3.15) gives


δgˆ µν =δgµν−ξ,µα¯gαν −ξα,ν¯gµα−ξγg¯µν,γ. (3.21)
 From here on, I will not write the different coordinates xα or ¯xα or points explicitly, but
 refer to quantities in different gauges with only a tilde above. In the next subsections
 I collect transformation laws for all different types of perturbations. I make use of the
 fact that the background spacetime is homogenous and isotropic, so that the background
 4-vectors and -tensors are necessarily of the form


¯


wα = ( ¯w0, ~0), A¯µν =


A¯00 0
 0 13δijA¯kk





, (3.22)


where all quantities are functions only of the conformal time τ.


Scalars


A generic scalar perturbation δs defined bys = ¯s+δs changes by


δs→δs˜ =δs−¯s0ξ0. (3.23)



(24)4-vectors


A 4-vector perturbation defined by wµ= ¯wµ+δwµ changes by


δwµ →δw˜ µ=δwµ+ξ,νµw¯ν −w¯µ,νξν, (3.24)
 from which it follows that


(˜δw0 =δw0+ξ,00w¯0−w¯0,0ξ0


˜δwi =δwi+ξi,0w¯0 . (3.25)
 Mixed 4-tensors


A mixed 4-tensor perturbation defined by Aµν = ¯Aµν +δAµν changes into


δAµν →δA˜ µν =δAµν +ξ,ρµA¯ρν −ξρ,νA¯µρ−A¯µv,ρξρ, (3.26)
 from which it follows that



































δA˜ 00 =δA00−A¯00,0ξ0
 δA˜ 0i =δA0i +1


3ξ,i0A¯kk−ξ0,iA¯00
 δA˜ i0 =δAi0+ξ,0i A¯kk−1


3ξi,0A¯00
 δA˜ ij =δAij −1


3δijA¯kk,0ξ0


. (3.27)


The trace and the traceless parts in particular transform as











˜δAkk =δAkk−A¯kk,0ξ0


˜δAij −1
 3


δA˜ kk=δAij− 1


3δAkk. (3.28)


From here one can easily see that the traceless part is gauge invariant.



3.2 Perturbations of the metric tensor


The perturbed metric tensor is defined as


gµν = ¯gµν+δgµν =a2(ηµν+hµν), (3.29)
 where ¯gµν = a2ηµν is the flat unperturbed FRW metric and hµν is a first order small
 perturbation. The inverse metric is


gµν ≡ 1


a2(ηµν −hµν). (3.30)


so that the first order inverse metric perturbation is


hµν =ηµρηνσhρσ, (3.31)



(25)Performing the SVT-decomposition to the the metric pertubation one gets
 hµν =


−2A −Bi


−Bi −2Dδij + 2Eij





, (3.32)


whereD≡ −16hii carries the trace of the spatial perturbationhij,Eij is a traceless tensor,
 Bi is called the shift vector and A is called the lapse function. The inverse is obtained
 by raising the indicies withηµν and thus


hµν =


−2A +Bi
 +Bi −2Dδij + 2Eij





. (3.33)


Then in terms of the conformal time τ the line-element can be written as
 ds2 =a2(τ)


(−1−2A)dτ2−2Bidxidτ + [(1−2D)δij + 2Eij]dxidxj


. (3.34)
 The vector perturbationBi splits into zero-curl and zero-divergence parts:


Bi =−B,i+BVi , (3.35)


where B is a scalar and δijBi,jV = 0. The tensorial part Eij is divided into scalar, vector
 and pure tensor parts


Eij =EijS +EijV +EijT, (3.36)
 where


EijS =
 


∂i∂j −1
 3δij∇2





E (3.37)


EijV =−1


2(Ei,j +Ej,i) with δijEi,j = 0, (3.38)
 i.e. EijS is symmetric and traceless, EijV is symmetric, traceless and divergenless, and the
 tensorial part has properties


δikEij,kT = 0 δijEijT = 0, (3.39)
 i.e. it is tranverse and traceless.


All in all the perturbed metric encompasses 4 scalars (A,B, D, E), 2 vectors (BiV, Ei)
 and one tensor EijT. This makes all together 10 degrees of freedom, since scalars each
 have 1 degree of freedom, vectors have 2 (helicity ±1) and the tensorial part has also 2
 degrees of freedom (helicity ±2). The scalar perturbations are the most important and
 difficult ones. In the following sections we’ll see that they couple to the density and
 pressure perturbations of the stress-energy tensor and they are understood as the prime
 factor of primordial density perturbations in the early Universe, possibly and most likely
 explaining the formation of structure and the temperature fluctuations in the cosmic
 microwave background [1, 2, 5, 11, 12]. As I said earlier, the vector perturbations have
 been shown to have only decaying solutions so in this thesis I don’t discuss them at all.


The tensor perturbations on the contrary are interesting because they are believed to
be gravity waves and they do not necessarily couple to energy-momentum at all. They
evolve independently and could also have also left marks to the CMB.



(26)Gauge transformations of the metric perturbations


When applying the above tensor transformation laws to the metric perturbation one gets
 δgˆ µν =δgµν −ξρ,µ¯gρν−ξρ,ν¯gµρ−ξ0¯gµν,0


=δgµν −a2 ξρ,µηρν+ξρ,νηµρ+ 2Hηµνξ0


, (3.40)


where I used the conformal flat FRW metric ¯gµν =a2ηµν and ¯gµν,0 = 2a0aηµν. Studying
 the independent components it is possible to get the transformation laws for the metric
 perturbations A, Bi, D, Eij. For example


δgˆ 00 ≡ −2a2Aˆ=δg00−a2 ξρ,0ηρ0+ξρ,0η0ρ+ 2Hη00ξ0


=−2a2 A−ξ0,0− Hξ0


, (3.41)


from which it’s possible to identify a transformation law


Aˆ=A−ξ0,0− Hξ0. (3.42)


Similar analysis for the other perturbations gives


Bˆi =Bi+ξi,0−ξ0,i (3.43)


Dˆ =D− 1


3ξk,k+Hξ0 (3.44)


Eˆij =Eij − 1


2(ξi,j+ξj,i) + 1


3δijξk,k (3.45)



3.3 Perturbations of the energy tensor


The background energy tensor is necessarily of the form


T¯µν = ( ¯ρ+ ¯p)¯uµu¯ν + ¯p¯gµν, (3.46)
 and due to homogenuity ¯ρ = ¯ρ(τ) and ¯p = ¯p(τ). Due to isotropy, the fluid is at rest in
 the background: ¯uµ = (¯u0,0,0,0). We know also that


¯


uµu¯µ=a2ηµνu¯µu¯ν =−a2(¯u0)2 =−1, (3.47)
 so that


¯
 uµ = 1


a(1, ~0), u¯µ=a(−1, ~0). (3.48)
 The total energy tensor is then divided into background and perturbation:


Tµν = ¯Tµν +δTµν. (3.49)


We define the density, pressure and velocity perturbations:


ρ= ¯ρ+δρ (3.50)


p= ¯p+δp (3.51)


ui = ¯ui+δui =δui ≡ 1


avi, (3.52)



(27)where we used ¯ui = 0. Next we write the velocities in terms ofvi:
 uµ= ¯uµ+δuµ≡ 1


a(1 +aδu0, v1, v2, v3) (3.53)
 uµ= ¯uµ+δuµ≡(−a+δu0, δu1, δu2, δu3), (3.54)
 which are related by uµ=gµνuν and uµuν =−1. Using the general perturbed metric one
 finds (to first order)


u0 =g0µuµ=−a−a2δu0−2aA, (3.55)
 from which it follows that


δu0 =−(a2δu0+ 2aA). (3.56)


Similarly


ui =δui =giµuµ =−aBi+avi. (3.57)
 Furthermore, from uµuµ =−1 I get


δu0 =−A


a. (3.58)


Thus the total 4-velocities are


uµ= 1


a(1−A, vi) (3.59)


uµ=a(−1−A, vi−Bi). (3.60)


Then the energy tensor is


Tνµ = ¯Tνµ+δTνµ (3.61)


=


−¯ρ 0
 0 pδ¯ ji



 +


 −δρ ( ¯ρ+ ¯p)(vi−Bi)


−( ¯ρ+ ¯p)vi δpδji + Σij
 


, (3.62)


where I have defined the spatial perturbation as a sum of a perfect and non-perfect fluid
 components


δTji ≡δpδji+ Σij ≡p¯
 δp


¯
 p + Πij





. (3.63)


Here both Σij,Πij are symmetric and traceless so that I can write the pressure perturba-
 tion as a trace


δp ≡ 1


3δTkk (3.64)


and define the anisotropic stress as the traceless part
 Σij ≡δTji− 1


3δjiδTkk. (3.65)
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